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Abstract 

In this paper we study the magneto-micropolar fluid equations in R'^, prove the 
existence of the strong solution with initial data in iJ*(R'^) for s > |, and set up its 
blow-up criterion. The tool we mainly use is Littlewood-Paley decomposition, by 
which we obtain a Beale-Kato-Majda type blow-up criterion for smooth solution 
(u, w, b) which relies on the vorticity of velocity V x it only. 
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1 Introduction 

In this paper, we consider Magneto-micropolar fluid equations in M^. 

' dtu - {^1 + x)^u + u -Vu - b-Vb + V{p + b'^) - X ^ = 0, 
dfUJ — 'jAuj — KVdivuj + 2xuj + u ■ Vuj — xV x n = 0, 

dtb- iyAb + u-Vb-b-Vu = 0, (1.1) 
divn = div6 = 0, 

^n(0,x) = no(x),u;(0,x) = ujo{x), b{0,x) = bo{x), 

where u{t,x) = {ui{t,x),U2{t,x),us{t,x)) £ denotes the velocity of the fluid at a 
point x £ M.^,t £ [0,r), u}{t,x) G R^,b{t,x) £ and p{t,x) £ M denote, respec- 
tively, the micro-rotational velocity, the magnetic field and the hydrostatic pressure. 
fj,, X, 7, are positive numbers associated to properties of the material: /i is the kine- 
matic viscosity, x is the vortex viscosity, k and 7 are spin viscosities, and ^ is the 
magnetic Reynold. uo,u!o,bo are initial data for the velocity, the angular velocity and 
the magnetic field with properties divuo = and div6o = 0. 
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There are many earlier results concerning the weak and strong solvability of magneto- 
micropolar fluid in bounded domain G M'^. The corresponding equation is 



dtu - + x)Au + u-\7u-b-\7b + \7{p + 6^) - xV x a; = 0, 
dtuj — ^Alo — KVdivo; + 2xi^ + u ■ Vuj — xV x n = 0, 

dtb - uM> + u-Vb-b-Vu = 0, , , 

(1.2) 

divu = div6 = inQ, 

u(0, x) = uo{x),Lu{0, x) = uJo{x), b{0, x) = bo{x), x £ Q, 
u{x, t) = uj{t, x) = b{t, x) = 0, (t, x) £ [0, T] X dn. 

If 6 = 0, equation (ll.ip()1.2p reduces to the micropolar fluid system. Micropolar fluid 
system was first proposed by Eringe[9] in 1966. For the initial boundary-value prob- 
lem (ll.2p with 6 = 0, in the year 1977, Galdi and Rionerofl^ considered the weak solu- 
tion. Using linearization and an almost fixed point thereom, in 1988, Lukaszewicz|13j 
established the global existence of weak solutions with sufficiently regular initial data. 
In 1989, using the same technique, Lukaszewicz|14) proved the local and global exis- 
tence and the uniqueness of the strong solutions. In 2005, Yamaguchi|24j proved the 
existence theorem of global in time solution for small initial data. 

If both u; = and x = Oi then the svstem (|l.ip reduces to be the magneto- 
hydrodynamic equations, which has been studied extensively injU [IHl EJ [HI [5]. Regu- 
larity results can refer to Wuf ^l^l^ . 

To the full system, Magneto-micropolar fluid equations ([L2]), in 1977, Galdi and 
Rionero[10j stated the theorem of existence and uniqueness of strong solutions, but 
without proof. Ahmadi and Shaninpoor[T] studied the stability of solutions for the 
system in 1974. By using spectral Galerkin method, in 1997, Ro i as-Medar 1 1 7j estab- 
lished local existence and uniqueness of strong solutions. In 1998, Ortega- Torres and 
Roj as-Medar [16] proved global existence of strong solutions with small initial data. For 
the weak solution, Rojas-Medar and Boldrini|18j established the local existence in two 
and there dimension by using Galerkin method, and also proved the uniqueness in 2D 
case. 

But there are few theories about regularity and blow-up criteria of Magneto-micropolar 
fluid equations. Some blow-up criterion are obtained by Yuan[23] in 2006. His paper 
implies that most classical blow-up criteria of smooth solutions to Navier-Stokes or 
magneto-hydrodynamic equations also hold for Magneto-micropolar fluid equations. 

For classical MHD equations, an exciting result is that He and XinpTj give a blow- 
up condition which do not depend on the magnetic field b, which is 



^ 2 3 

u(t)\\ldt <oo, - + -^1 3<p^oo. 
^ Q P 



Zhou[27] gives the regularity criterion dependent only on Vn 



rT 2 3 3 

/ \\Vu{tmdt<x, - + -^2 -<p<oo, 
Jo Q P ^ 
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The same result s have been extended to Magneto-micropolar fluid equation by Yuan [25]. 
of which the condition doesn't rely on to and b. We know that for 1 < p < oo, thanks 
to the Biot-Savart law [15]. ||VM(t)||p can be controlled by ||V x so the regularity 

criterion of Zhou [27] can be relaxed by 

2 3 3 

V X u(t)\\ldt < oo, - + -^2 -<p<oo, 
^ q p 2, 

but this results missed the important marginal case p = oo which exactly corresponds 
to the Beale-Kato-Majda criterion. 

While for 3D ideal MHD equations, Caflish, Klapper and Steele [3] extended the 
well-known result of Beale-Kato-Majda [2] for the imcompressible Euler equations to 
the 3D ideal MHD equations, that is, if 

/ (||Vxu(t)||oo + ||Vx6(t)||oo)dt<oo, 
Jo 

then the smooth solution (u, b) can be extended beyond t = T. Zhang and Liu[26j 
extend the condition to 

/ (||Vxu(t)|Uo +||Vx6(t)|Uo )dt <oo, 

Cannon, Chen and Miao[l] refined to the following 

limsup / (||Aj(V X n)||oo + ||Aj(V X 6)||oo)dt = 5 < M, (1.3) 

where Aj is a frequency localization appeared in Preliminaries. 

The aim of our paper, first is using successive approximation method to obtain the 
existence of strong solutions in M^, then using Fourier frequency localization to set up 
blow-up criterion as (jl.3p which relying on V x u only. Our result is stated as following: 

Theorem 1.1. (Main theorem) 

(i) Local existence: Let s > |, suppose (uqjWoj^o) G i?'^(M^) with divuo = divbo = 
0, then there exists a positive time T(|| (no, wq, 6o)||h'') such that a unique solution 
{u,uj,b) G C{[0,T); H') n C^{{0,T); H') n C{{0,T); H'+'^) of the system (EIP exists. 

(ii) Blow-up criterion: Suppose that for s > f, {u,uj,b) E C{[0,T)- H'')nC^{iO,T); H^)r\ 
C((0, T); i/*"*"^) is the smooth solution to equation If there exists an absolute con- 
stant M > such that if 

limsup/ ||Aj(V X u)||oodt = (5 < M, (1.4) 

jeZ JT-e 

then (5 = 0, and the solution {u,uj,b) can be extended past time t = T.If 

limsup/ \\Aj{V X u)\\oodt^ M, (1.5) 
then the solution blows up at t = T . 
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2 Preliminaries 



In this section we set our notations and recall the Littlewood-Paley decomposition, 
and review the so called Beinstein estimate and Commutator estimate, which are to be 
used in the proof of our theorem. In what follows positive constants will be denoted by 
C and will change from line to line. If necessary, by C(*, • • • , *) we denote constants 
depending only on the quantities appearing in parentheses. 

Let be the Schwartz class of rapidly decreasing functions. Given / G 

the Fourier transform of / defined by 

/(O = (2vr)-| / e-'^<f{x)dx 

We consider Xif ^ 5(M^) respectively support in i? = G M^, |,^| ^ |} and C = G 
i ^ ICI ^ §} such that 

x(e) + ^^'^(2-^0 = 1, veGM^ 

Setting (fj = ip{2~^^), then suppipj n suppcp'^ = if \j — j'\ ^ 2 and suppx'^ suppip'- = 
if |j — j'l ^ 1. Let h = F~^(p and h = F~^x, the dyadic blocks are defined as follows 

A,/ = ip{2-W)f = 2'^ [ h{2^y)f{x - y)dy, 

Sjf = V Afc/ = 2^^ / /i(2^y)/(x - y)dy, j G Z. 

Informally, Aj = Sj+i — Sj is a frequency projection to the annulus |^| ~ 2^ , while Sj be 
frequency projection to the ball |^| < 2^ . The details of Littlewood-Paley decomposition 
can be found in TribeipO] and Chemin[B]. Now Besov spaces in can be defined as 
follows: 

B;,, = {/ e Z\m^)\ 11/11^.^ = ( j;2^-^''||A,/||^)' < oo},g / oo 
B;,oo = {f^Z'{m^)\ 11/11^. =sup2^-^||A,/||p<oo} 

where Z' denotes the dual space of Z = {f £ S; £'"/(0) = 0; Va G N" multi-index} 

Now we introduce well-known Bernstein's Lemma and Commutator estimate, the 
proof are ommited here, we can find the details in Chemin[6], Chemin and Lerner[7j 
and Kato and Ponce [12] . 
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Lemma 2.1. (Bernstein's Lemma) Let 1 ^ p ^ g ^ oo . Assume that f € L^ , then 
there exist constant C,Ci,C2 independent of f,j such that 

sup ^ C2^''=+=^^'(^^)||/||p suppf C m < 2^}, (2.1) 

\a\=k 

Cil^^WfWp ^ sup \\d"f\\, ^ C22^'\\f\\j, suppf C m « 2^-}. (2.2) 

\a\=k 

Remark 2.1. From the above Beinstein estimate, we easily know that in M^, for the 
Reisz transform Rk{k = 1, 2, 3), it has for VI ^ p ^ g ^ oo 

\\Rk/^ju\\q ^ C2^^^p~~^~^\\u\\p. (2.3) 

If suppose vector valued funtion u be divergence free, by Biot Savard law Vn = (— A)^-'^VVx 
V with V = V X u and the boundedness of Reisz transform on LP{1 < p < oo), we have, 
there exist constants C independent u such that 

||Vn||p ^ C||t!||p, Vl<p<oo. (2.4) 

If the frequency of u is restricted to annulus |,^| ~ 2^ , then f2. 3\) implies that 

||Vn||p ^ C||v||p, Vl^p^oo. (2.5) 

Now we denote A = (/ — A)2 , which satisfies 

A/(0 = (l + ICP)^/(0, 
A^{s £ M) can be defined in the same way 

A^(0 = (i + ieP)^/(0- 

Using the above notation, we define the norm of Sobolev space W^'^ 

WfWws. ^ IIA^IIlp, 

especially by Fourier transform, = W^''^ can be defined as 

H-^^{feS'iR')\ 11/11^,. <oo}, 

where 

1 

Hs^\\A^f\\^. = ( I (i + |e|2)«|/(0|2dC'' 

Lemma 2.2. ( Commutator estimate) Let 1 < p < oo, s > 0, assume that f,g€z W^'^, 
then there exist constants C independent of f, g such that 

||[A^/]5|Lp ^ C{\\Vf\\LPi\\g\\w^-.,P2 + ||/lk-^3|b||LP4) (2.6) 
with 1 < p2,P3 < oo such that 

1 _ 1 1 _ 1 1 

P Pi P2 P3 Pi 

here [A\ f]g = K^{fg) - fk'g. 
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3 Proof of the Theorem 11.11 



Part 1: Local existence 

In order to proof the local existence of equation (I l.lh with initial data {uo,ujq, bo) G 
H^(R^) for s > |, we construct sequence {u^^^^\uj^"'~^^\b^^'^^^), which solving the 
following equations 



_ ^Aw("+i) - KVdiva;("+i) + 2xu;("+^) = -n^") • Va;(") + xV x n('"+^), 
divit("+i) = div6("+i) = 0, 

^ (^(n+l), ^(n+l)^ 5(n+l)) (Q, x) = S„+2 (tXQ (x) , a;o (x) , 60 (x)) , 

for n = 0,1,2, 3,-- - , where fe^W = (5("))2, and we set (tx^, w^, ^W) = (0,0,0). 

Multiplying the above equation by {{u^"'~^^\ uj^'^^^\ b^^~^^^)) and integrating on time 
variable, denoting inner product by (•, •) , we get 



~{\\{u(''^'\u;'^-^'\b(-+''>)\\l + {f, + X^^^^^ 



where we use (V x = (V x n("+^), a;("+^)) . 

Using the divergence free condition, the embedding ^ L°° and Young Inequality 



(3.2) 



ab ^ -aP + 



where 



- + - = 1 

p q 



p Q 



we have 



<fl|Vn("+^||l,. + C||^(")||t 



n 



(")||^||Vn("+i) 



For the other terms, we use the same technique and get 



= . V6("),6("+i)) < ^||V6("+i)|||,. + C(||^x(")||t + ||6(")||t), 

l5 = (ftW . V^("),6("+l)) < ^||V6("+l)||l,. +C(||6W||4 ^ ||^(n)||4)^ 
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Summing up the above estimates, we obtain the estimate 

|(||(u("+^),..("+i),6("+^))||i + (/. + x)||Vn("+i)||i + 7||VJ"+^)y^ 

+z.||V6("+i)||^ + 2K||(ii?;w("+i)||^ ^ C7||('u("),a;("),6("))||t (3.3) 

Now let's give the i/* estimate. Applying operator to equation, then multiplying 
the first three equations by (AfcU*^""^^-*, Afcti;^""*"^\ Afcft^"^^)), introducing notation (g) as 
follows 

3 

f-Vg = div(/ ® g) where div(/ ® gY = dk{p o'") = di^ifg), 

k=l 

we finally get by using the divergence free condition 

+i.||A,V6("+i)||2 + K||A,div^("+i)||2 + 2x||A,.a;("+i)||2 
= (Afc(n(") «(")), VAfcu("+i)) - (Afc(6(") 6(")),VAfcn("+i)) 

+ (Afc(tx(") $5c^("^VAfcc^("+i)) + (Afc(tx(") 6(")),VAfc6("+i)) 

-(Afc(6(") u(")), VAfc6("+^)) - 2x(AfcC^("+i), V x Afcn("+i)), (3.4) 

where we use the equality (Afca;("+i), V x Afcti("+^)) = (Afcu("+i), V x Afe(j("+i)). 
Multiplying 2^'=* on both sides of ([STM]) . then summing up over A; G Z, we get 

l|(||(n("+^),^("+i),6('^+^))||^. + (M + x)||Vn("+i)||^.+7||vJ^^^^ 

+H|V6("+i)|||, +K||div^("+i)||2^, + 2x||^("+^)||^. 
^ ^22^^||Afc(u(") n("))||2||AfcVn("+i)||2 + ^ 22^'^||Afc(6(") O 5("))||2||AfcVn("+i)||2 

fcez fcGZ 
+ J]22'=«||Afc(6(")®^.("))||2||A,V6("+i)||2 + 2x5]22'=«||AfcVxn("+^))||2||Afct^("^^^ 

= //i + Ih + 1/3 + + Ih + //6- (3.5) 
We use the embedding H'^ ^ L°° along with Holder and Young inequality to get 

Ih ^ ||n(")u(")||^.||Vn("+i)||^, ^ C||n(")||Loo||n(")||^.||Vu("+i)||^. 
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For the other terms, we use the same technique 



fl|Vn("+i)||l,.+2x||a;('^+^)||l, 
Taking the sum of IIi,Il2, II3, II4, Ih and lie, we obtain the following estimate 



|(||(u(-+^),a;("+i),6("+i))||^. + (/. + X)||V^("+^)||^. +7||Va;(-+^)|||. 



+i.||V6("+i)||^, +2K||diva;("+^||^, ^ C\\{u^^\J^\b(~^^)\\jjs, (3.6) 
which along with the estimate, we finally obtain 

|(||(u(-+i),a;("+^),6("+^))||l,. + (/x + x)l|V«("+^)|||,. +7||Va;(-+^)||l,. 

+i.||V6("+i)||l^. +2Ac||divc^("+i)|||^. ^ C||(tx("),a;('^),6("))|||^.. (3.7) 

Denote 

i?W(t) = ||(^x(«),a>W, 6^)111,., 
then the above inequality can be reduced to be 

|^{n+l)(i) + (^ + x)||Vu("+l)||l,. +7||Va;(-+l)|||,. + ^||^j(n+l) ||2^^ 

+2^t||div6c;("+i)||l,. ^ Ci(^i")(t))'. (3.8) 
Integrating about time variable and taking the supremum on [0, T], we have 

sup ^("+i)(i) + r ((m + x)I|Vu(-+i)||2,. +7||VJ-+1)||2,. +z.||V6("+i)||2,. 
te[o,T] Jo 

+2K||diva;("+^)|||^.)dt 
^\\Sn+2iuo,u;o,bo)\\h+CiT{ sup ^i")(t))' 

fG[0,T] 

^Co||(^xo,a;o,6o)||lf»+Cir( sup ^^("^(i))'- (3-9) 

tG[0,T] 



By standard induction argument, we find for Vn G N, T G [0, Tq], where 

1 

4CoCi\\iuV,u;o,bo)\\H^ 



To = ^ .. . M12 ' (3-10) 
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we can get 

||(u("+i),a;("+^),6("+i))|Uo,(^.) + (/. + x)^l|Vn("+i)||i^(^.) +7^||Vu;("+i)||i.(^.) 

+^5||V6("+i)|L2^(^.) + (2/^)5||divc.("+i)|L2(^.)^2Co||(uo,a;o,6o)||^ (3.11) 

In the following process, wc will show that there exists a positive time Ti ^ T 
independent of n such that (u^"), a;^'*^ t^"')) is Cauchy sequence in space 

X^;'^!^{f,g,h)GL¥,iH^-') : ((/. + x)W/,7^V5, ^^^V/i) G L|,^(i?-i)|. 
Denote 

§pin+l) = pin+l) _p(n)^5^2(n+l) ^ (p(n+l))2 _ (^(n)^2^ 

which satisfy the following equation 

5t(5a;("+^) - 7A(5a;("+i) - KVdiv5(j("+i) + 2x(5a;("+^) = -^n^") • Vw^") 

. V(5c^(") + xV X (5n("+i), 

(3 12) 

-6("-i) . V(^m("), 
div(5u("+i) = div(56("+^) = 0, 

^ (5n("+i), Ju; 55("+i)) (0, x) = A„+i {uo(,x),uJo{x), 6o(x)) , 
In the same way, we can get the following estimate 

|(||(5u("+^),<5c.('^+i),<56("+i))||f,. + (^ + x)||V<5n("+i)|||,. +7||V5a;(-+i)||^. 



/||V56("+i)||f^. + 2K||div5cj(' 



n+l) ||2 



^Cs\\i5u^^\6J^\6b^''^)\\l (3.13) 
where C3 = 4CoC2||('UO)^<^0) bo)\\Hs, we uses the following type of estimates 

^ ^||V<5u("+l)||i + C||^.(")||2^^||5^(n)||2 (3.14) 

• V(5n("),(5u("+^)) ^ ||n("-i)||oo||5n(")||2||V5^x('^+^)||2 

^ ^||V<5n("+i)||2 + C||n("-i)||2,.||,5n(")||2 (3.15) 

2x(V X ^ |||V(^n("+i)||i + 2x||(5u;(''+^)||. (3.16) 



Integrating over time variable and taking the supremum over [0,r], denoting 6E^''\t) 
we obtain 

sup + /^((/i + x)||V5n("+^)||i + 7||V5L^("+i)||^ + z^||V56("+^)||i 



te[o,T] JO 

+2K||div5w("+^)||i)dt 

< C42-2(«+l)^||(^0,^0,6o)||lf. +C3™(")(t), 

where we use the fact 

\\An+i{uo,u;o,bo)\\l ^ C32-2("+i)^||(no,a;o,6o)||?^^. 
If C3T ^ i, then 

+^5||V56("+i)|L.(^.) + (2K)^||div<5a;("+i)||^^(^.) 
^2C742-("+i)^||(txo,wo,Mlk^, (3.17) 
which along with the estimate and the interpolating theorem 

\\f\\H^-^^\\f\\l\\fC% 
we finally have, by the standard argument, for T ^ min{To, ^^jwhen n ^ 00 

+7^ II V<5a;("+i) 11^^(^.-1) + J II V56("+i) ||^. (^.-i) + {2k)'^ \\dw6J"+'^ WlUhs-i) 
^ 2c|Co~'2-("+i)||(txo,wo,Mlk» ^0, (3.18) 



which means (6u^'^^^\ duj^'^^^^ is Cauchy sequence in so we can find the 

limit {u,Lo,b) S is a solution to equation for initial data (uo,wO)^o) ^ -f^'^i also the 
solution satisfies the following estimate 

II (n, a;, b)U^^ (^.) + (/x + x) ^ || Vtx^^+D ||^2,^ (^.) + 7^ || V^("+^) H^^,^ (^.) 

+r.^||V6("+i)|L2^(^.) + (2K)^||divu;("+i)||^^^(^.) 
^2Co\\iuo,u;o,bo)\\H^ (3.19) 

This gives the existence of strong solution of Magneto-micropolar p.ip in C([0, T]; ff'^ 
for s ^ |. Now let's prove the uniqueness of the solution. 

Suppose {u,LO,b), {u' jUj' ,b') £ L^{H^) be two solutions to equation p.lj) . let 6u = 
u — u',5uj = uj — uj',6b = b — b', we deduced that {6u,5uj,6b) satisfies the following 



10 



equation 

' dt5u - (/u + x) A(5n = -6u -Vu-u' ■ V6u + 5b-Vb + b' ■ V5b - V{5p + 5b^) 

dtSuj — ^/S.5oj — KSId\v5uj + 2x5oj = —5u ■ Vlo — u' • V5uj + xV x du, 
dt5b - vMb = -5u ■ Vb - u' ■ Vb + 5b ■ Vu - b' ■ V6u, 
div5u = div(56 = 0, 
{5u,6uj,5b){0,x) = 0. 

Multiplying the above equation by {5u,6uj,5b), then integrating on time variable 
and using the simple fact 

{u' • V5u, 6u) = {u' • V6lu, 5lo) = {u' • V5b, 5b) = 
{b' ■ V5b, 5u) + {b' ■ V5u, 5b) = 0, 

we have 

^j^\\{5u,5u;, 5b)\\l + + x^Hll + 7l|V5^i + iy\\V5b\\l + K\\div5u;\\l + 2x\\5u;\\l 
= -{5u- Vu, 5u) + {5b ■ V6, 5u) - {5u ■ Vto, 5oj) - {5u ■ Vb, 5b) + {5b ■ Vu, 5b) 

+2x(V X 5u,5uj) 

^ ||<J^x||2||n||oo||V(5u||2 + ||5fo||2||6||oo||V5n||2 + ||<5u||2||w||oo||V5l^||2 

+ pn||2||6|U||V,56||2 + ||(^6||2||^^||oo||V56||2 + 2x||V x 5u\\2\\5u;\\2 (3.21) 
^ l^\\V5u\\l + ^\\V5u;\\l + ^\\V5b\\l + IxIMH + C\\iu,u;MU\iSu,5u;,5b)\\l 

that is 

^^\\{5u, 5u;,5b)\\l + + x^Hll + iW^^Sajg + i^\\V5bg + 2K\\div5u;\\l 
^C\\{u,io,b)\\U\iSu,5u;,5b)\\l 

The estimate imply that 

\\{5u,5u,5b)\\2 ^ 2CoC\\{uo,uJo,bo)\\HsT\\{5u,5iu,5b)\\2. 

If T is sufficiently small, we have || ((5n, (5c<j, (56)||2 = 0, the proof of local existence is 
ended up. 

Part 2: Blow-up criterion 

Now we start to proof the second part of Theoren jl.ll to set up the blow-up criterion. 
We apply operator A** on the two sides of the equation lll.ip . multiply {A^u, A^to, A^b) 
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by the resulting equations and integrate the final form over R'^, and get 
1 d 



+K\\divA'uj\\l + 2x\\A'bf2 
= - [ K\u-Vu)K'udx- f A'{u-Vuj)A'ujdx- [ A'iu ■ Vb)A'bdx 

Jr3 Jir3 Jir3 

+ / A'{b- Vb)A'udx + [ A'{b ■ Vu)A%dx -2x1 A\V x u)A'ujdx, 

Jr3 Jr3 7r3 

where we use the fact 

/ A''(V X oj)A''udx = A''(V X u)A''ujdx. 
Now taking use of the divergence free conditions of {u,b), we have 

/ {u-VA'u)A'udx= [ {u-VA'u)A'ujdx= [ {u ■ VA'b)A%dx = 0, 

Jr3 

also applying the following equality 

/ {b-VA%)A'udx+ [ {b-VA'u)A'bdx = 0, 

we have 

^^(||A^n||2 + ||A^^||2 + WA^Wl) + + x)||VA^7x||i + 7||VA^^||2 ^ ^||vA^6||2 

+ K\\div A^'ujWI + 2x||A''a;||2 
= - / [A'',u]VuA''udx - / [A'',u]VujA''ujdx - / [A"" ,u]VbA%dx 

Jr3 J^3 J^3 

+ [ ([A^ 6]V6A^n + [A' ,b]VuA'b)dx - 2x [ A*(V x u)A'ujdx. 
= nil + Ilh + Ilh + Ilh + Ilh (3.22) 
By LemnicEJl Holder inequality and Gagliardo-Nirenberg inequality 

ll/llM/M^II/lli.,2||V/||i„„ (3.23) 

we have 

\IIh\ ^ ||[A'*,u]Vu||4||A'*li||4 ^ C(||Vti||2||V'u||t;i/s-l,4 + ||u||t;i/s.4||Vu||2)||n||vt/s,4 

3 

^ C||Vu||2||^i|||.||Vn|||. ^ C||Vu|||||n|||^. + ^||Vu||^.. (3.24) 

Using the same technique and the Young inequality 

1 r, l,n 11 
ab ^ -aP + -b\ - + - = 1, 

p q P Q 
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we estimate III2 , II I3 , III4, in the same way and get 

\III2 + I//3 + IIh\ ^ C{\\Vu\\l + llVc^Ilt + ||V6||t)(||n||^. + Mjjs + mils) 

+ IW^^Wh + "^imih- (3.25) 

Now we estimate the last term 

I///5I ^ 2x||A^(V X n)||2||A^cu||2 ^ ^\\Vu\\jjs + 2x||a;||?,s. (3.26) 
Summing up ([321]) ([325]) ([326]) with ([322]), we get 

^(Mh^ + \Mh + \\b\\h) + (/^ + x)l|Vu||l^. + 7l|Va;||l^. + z^||V6||^. + 4divu;\\jjs 
^ C{\\n\\%. + ||..||^. + mUiMH^ + + ll^lll/O- (3.27) 

Gronwall inequaUty gives us 

{\W\\h + M\Hs + \\b\\h)+ [ ((/« + x)l|Vu||^. +7l|Vw||^. +i/||V6||f,. 

Jo 

+K\\divu;\\Hs){t')dt' 

^ CiWuofns + ||wo|Ih» + ||6o||^.)exp {t sup + + ||6||^0)(3.28) 

t'e[o,i) 

Now we go on with the estimates of the solution (n, u),b). Denote H = V xu, I = 
V X u, J = V X 5, we take curl on both sides of we get the following equation 

'dtH + x)^II + U-VH - H -Vu-b-VJ + J -Vb-x^ X I = 0, 
< dj - 7A/ + 2x1 + U-VI - H -Vlo -x^ X H = 0, (3.29) 
^dtJ - uAJ + u-VJ-H-Vb-b-VH + J-Vu = 

which uses the fact V x Vdivu! = 0. 

Multiplying the three equations with (H, I, J) separately, integrating over about 
the variable x, using integrating by parts and the divergence free condition of u, b, we 
obtain the fact 

/ {u-V)H ■ Hdx= [ {u-V)I-Idx= [ {u-V)J ■ Jdx = 0, 

Jr3 J^3 

[ {b-V)J-Hdx+ [ {b-V)H ■ Jdx = 0, 
[ {V X H) ■ Idx = [ (V X /) • Hdx, 
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so we finally have 

Ijt^ml + Wnl + \\J\\l) + {^^ + X)\WH\\1 + 7||VJ||i + HlVJlli + 2x\\I\\l 

= [ {H ■V)u- Hdx+ [ {H ■V)lv Idx+ [ {J-V)u-Jdx 

Jr^ 

- [ ( J • V)6 • Hdx + [ {H-V)b- Jdx + 2x [ (V X • Idx 

Jr3 J]R3 J]r3 

= IVi + IV2 + IV3 + m + IV5 + IVq (3.30) 

Let us first estimate IVi and IV3, we use Littlewood-Paley decomposition to u and 
dispose it in different frequencies. 



IVi= V] [ {H ■ V)AjU ■ Hdx + V [ {H- V)AjU ■ Hdx 
+ y / (H ■V)AiU- Hdx, 



= Vi + V2 + V3 (3.31) 

For the first term, we have, by Holder inequality, Beinstein inequality and p.4p ()2.5p 

l^il ^ \\Hf2 ll^^i^lU ^ C-ll^lli 2t^'||Aji7||2 ^ C2-l^\\H\\l (3.32) 

j<-N j<-N 

l^2| ^ lli^lli J2 W'^^Moo ^ C\\H\\l Yl ll^i^lloo (3.33) 

for V3, using similar method along with interpolation inequality 

\\H\U^C\\H\\l\\VH\\l 



we get 



m ^ ml Y iivA,u|i3 ^ c\\H\\i Y '^'w^jHy 

j>N j>N 

^j>N ^ ^j>N ' 

i^C2-^\\H\\2\\VH\\l (3.34) 
Summing up ()3.32p - ()3.34p . we have 

^ C(2-t^||/i'||^ + ll/^lll Y 11^^-^-1100 + 2~^||/f||2||V-ff||i). (3.35) 

-N<ij<iN 
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/Va can be treated in the same way, we decompose it as 

7^3 = V / ( J • V)AjU ■Jdx+ V / ( J • V)/\jU ■ Jdx 

+ / ( J • V)A,n • Jdx, 



j>N 

then obtain the estimate 



\m ^ C{2--2^\\J\\UHh + \\J\\l E ll^^-^ll- + 2"^|| J||2||VJ||2||V77||2)(3.36) 

-N<:j<:N 

Now we study IV2, IV^, IV^, we decompose H by using Littlewood-Paley theory, that 
is 

IV2= V] [ (AjH ■ V)cu ■Idx+ V / {AjH ■ V)w • Idx 
+ V /" {AjH ■V)uj ■ Idx, 

then 

iml ^ C(2-i^||/||i||/7||2 + ml Yl ll^-^ll- + 2-^||/||2||V/||2||V/7||2).(3.37) 

-N^j<iN 

For /V4 and /I5, similarly we have 

1/^41 + \m ^ C(2-t^|| J||2||i7||2 + II J||2 II^J-^lloo 

-N<ij<iN 

+2-f ||J||2||VJ||2||Vi7||2). (3.38) 
Simply using Young inequality, the last term IVq can be written as 

\IVe\ ^ 2x\\V X 77||2||/||2 ^ |||Vi7||i + 2x||/||^. (3.39) 

Summing up (f05]) (f06]l (fOT]) (fOHl) (pOOll and taking the sum into ([330]), by Young 
inequality, we get 

Jti\\H\\l + ml + ll^lli) + (2^ + X)\\vml + 27l|V/||i + 2i.||VJ||i 

^ c(2-i^(iiFiii + ii/|ii + II j|ii)) + Y w^^moomwl + mil + ii^iii) 

-N^ji^N 

+2-f (||77||2 + II/II2 + II J||2)(||V//i + \\VI\\l + \\VJ\\l) (3.40) 

N 

If we let 2~"2"(||//||2 + ||/||2 + \\J\\2) ^ min(^, 7, v), that is, if we choose 



N > 



^ ,. (||g||2 + ||/||2+||J||2)) 



log 2 min(/i,7,i/ 
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+ 1, (3.41) 



where [a] stands for the integral parts of a G M, log^(x) = log(x + e), then we have 

j^mwl + ll^lli + Plli) + (/^ + x)l|v//||i + 7l|v/||i + i^wvjwl 

Yl \\^jH\U\\Hf2 + m\l + \\J\\l) + C. (3.42) 
-N<;j<;N 



Gronwall inequahty gives us that 



exp(C7 V [' \\AjH{t')\\oodt') 



|^||2 + ||/||2 + ||J||2^ 

-N<ij<iN- 

(^/Ct + ||F(0)||2 + ||/(0)||2 + ||J(0)||2), (3.43) 



which imphes 



l^lb + II/II2 + II JII2 ^ exp (Clog+(||i7||2 + II/II2 + II J||2)sup f \\A,H{t')\\^dt') 

jez Jo 

(^/C^+||F(0)||2 + ||/(0)||2 + ||J(0)||2). (3.44) 



Denote 



C(r)4 sup (||i?(t)||2 + ||I(t)||2 + ||J(t)||2), 

te[o,T) 



then (3.24) can be reduced to be 

C(r) <exp fciog+(C(T))sup f\\AjH{t')\\oodt'){Vcf + E{0)). (3.45) 
V jez Jo / 

We should point out that the above inequality still holds if the time interval [0, T) is 
replaced by [T — e,T), that is 



C(r) ^expfciog+(C(r))sup r \\A,H{t')\\^dt'){VC~e + CiT-e)). (3.46) 

V jGZ JT-e J 



Setting Z{T) = log+(C(T)) = log(e + C(T)), thanks to (fTiUD . we have 

Z(r) < log(VC^ + C(r-e) +e) +CZ(r)sup / \\Aj{V X u){t')\\oodt' , (3.47) 

jeZ JT-e 

by the condition ()1.4p of Theorei ril.H 

limsup / ||Aj(V X u)\\^dt = 6 < M, 

j(zz JT-e 

we know that, when e — > 0, if we choose MC is small enough, then it has 

Z(T) ^ CZ(T-e). (3.48) 
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On the other hand, by multiplying {u,uj,b), it can be easily derived from Magneto- 
micropolar fluid eg nation (jl.ip that 

Ml + \\oj\\l + \\b\\l + 2fi [ \\Vu\\ldt' + 2-f f \\Vujf2dt' + 2u f \\Vb\\ldt' 

Jo Jo Jo 

+2k \\divuj\\ldt' + 2x 11^112'^*' ^ lko|l2 + ll^o|l2 + ll^olli- (3.49) 
Jo Jo 

(IOQ]) along with (fOS]) imply that 

sup {\\u{t)\\Hl + Mt)\\m+\m\\Hi) 

te[T-e,T) 

^ C(||n(r - e)||^i + MT - e)\\Hi + ||6(T - (3.50) 

Hence by (I3.50p and ()3.28p . we can get the regularity at time t = T, that is the 
smooth solution {u,uj, b) can be extended past time T, that's the end of the proof.D 
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